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Abstract
In this paper,we shall constract some smooth SL(m, H)×SL(n,H)-
actions on (4m+4n-1)-sphere S4(m+n)−1. To constract such an action,
we use an R2-action on S7. This idea was introduced by F.Uchida [5].
1 Introduction
Let H be the field of quaternion numbers. Let Mn(H) be the set of all
(n,n)-quaternion matrices. Suppose that we operate the scalar on the right.
Define f : Mn(H) −→ M2n(C) by
f(A+Bj) =
(
A −B
B A
)
,
where A,B ∈ Mn(C), A means a conjugate complex matrix of A, and i, j,k
are the canonical quaternion basis.
Define SL(n,H) = {A ∈ Mn(H); det(f(A)) = 1}. Let A∗ be a conjugate
and transpose matrix of A, we define Sp(n) = {A ∈ Mn(H);AA∗ = In =
A∗A}. Put G = SL(m,H)× SL(n,H), and K = Sp(m)× Sp(n).
Consider the standard K-action on S4(m+n)−1 ⊂ Hm⊕Hn, that is, (A,B) ·
u⊕ v = Au⊕Bv for (A,B) ∈ K and u⊕ v ∈ S4(m+n)−1.
We see this action has codimension one principal orbits and just two
singular orbits.
∗2000AMS Mathematics Subject Classification. Primary 57S20.
†Department of Mathematical Sciences, Faculty of Science, Yamagata University,
Yamagata 990-8560, Japan (e-mail address: kurokisi@mbi.nifty.com)
49
Shintaroˆ KUROKI
In theorem 4.1, we shall show that the R2-action on S7 characterizes the
G-action. In section 5, we constract a G-action from R2-action on S7 but this
action may not be smooth. In section 7, we constract some smooth G-actions
from the vector ﬁeld on S7.
My hearty thanks go on F.Uchida and Y.Ito for informing me of useful
references and for their comments.
2 Twisted linear actions
For h, h′ ∈ H;Re(h) > 0, Re(h′) > 0, there is the G-action Φ(h,h′) on
S4(m+n)−1 deﬁned by
Φ(h,h′)((X,Y ),x⊕ y) = Xx exp (θh)⊕ Y y exp (θh′)
for some θ ∈ R. This action is called the twisted linear action which is
introduced by F.Uchida[4].
The action Φ(h,h′) has just three orbits and one of them is an open orbit
and the others are compact orbits. Each restricted Sp(m)×Sp(n)-actions of
twisted linear actions are standard action.
3 Certain subgroups of SL(m,H)× SL(n,H)
In this section we shall prove Lemma 3.1 to prove Lemma 4.1.
Let L(n), L∗(n), N(n), N∗(n) denote the closed connected subgroups of
SL(n,H) consisting of matrices in the form

1 ∗ . . . ∗
0
... ∗
0

 ,


1 0 . . . 0
∗
... ∗
∗

 ,


x ∗ . . . ∗
0
... ∗
0

 and


x 0 . . . 0
∗
... ∗
∗


respectively, where x is a non-zero quaternion.
Lemma 3.1 Suppose m ≥ 4, n ≥ 4. Let S be a closed subgroup of G. If the
natural K-action on the homogeneous space G/S has at most three isotropy
types Sp(m− 1)× Sp(n− 1), Sp(m)× Sp(n− 1) and Sp(m− 1)× Sp(n).
Then
1. If S contains Sp(m− 1)× Sp(n),
then L(m)× SL(n,H) ⊂ S ⊂ N(m)× SL(n,H).
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2. If S contains Sp(m)× Sp(n− 1),
then SL(m,H)× L(n) ⊂ S ⊂ SL(m,H)×N(n).
3. If S contains Sp(m−1)×Sp(n−1) but S doesn’t contain Sp(m−1)×
Sp(n) nor Sp(m)× Sp(n− 1),
then L(m)× L(n) ⊂ S ⊂ N(m)×N(n).
Here, the results are described up to an equivalece under automorphisms of
SL(m,H)× SL(n,H) which leave invariant the subgroup Sp(m)× Sp(n).
Proof Let F be a closed subgroup of SL(m,H). We see that if isotropy types
of the standard action of Sp(m) on SL(m,H)/F are Sp(m) or Sp(m − 1),
then F = SL(m,H) or L(m) ⊂ F ⊂ N(m) or L∗(m) ⊂ F ⊂ N∗(m). (by
Uchida[3] Lemma 2.1)
We prove 3. Let i1 : SL(m,H) −→ G and i2 : SL(n,H) −→ G be
inclusions, p1 : G −→ SL(m,H) and p2 : G −→ SL(n,H) be projections.
Put S(1) = i
−1
1 (S), S(2) = i
−1
2 (S), S1 = p1(S) and S2 = p2(S). Then we see
Sp(m− 1) ⊂ S(1) ⊂ S1 and Sp(n− 1) ⊂ S(2) ⊂ S2 by the assumption which
S ⊃ Sp(m − 1) × Sp(n − 1). We consider the standard action of Sp(m) on
SL(m,H)/S1. Let p : G/S −→ SL(m,H)/S1 be the induced mapping of p1
(i.e. p(gS) = p1(g)S1). Put Kx the isotropy group at x ∈ G/S. Then we see
p1(Kx) ⊂ Sp(m)p(x). So p1(Kx) is conjugate to Sp(m) or Sp(m − 1) by the
assumption on isotropy types of K-action on G/S.
Consequently isotropy types of the standard Sp(m)-action on SL(m,H)/S1
is Sp(m) or Sp(m − 1). Similarly isotropy types of the standard action of
Sp(n) on SL(n,H)/S2 is Sp(n) or Sp(n− 1). So we see that S1 = SL(m,H)
or L(m) ⊂ S1 ⊂ N(m) or L∗(m) ⊂ S1 ⊂ N∗(m) and S2 = SL(m,H) or
L(n) ⊂ S2 ⊂ N(n) or L∗(n) ⊂ S2 ⊂ N∗(n).
By the similar way, S(1) and S(2) are the same relation of inclusion re-
spectively. If S1 = SL(m,H), then S ⊃ Sp(m) × Sp(n − 1). It contra-
dicts the assumption. So S1 = SL(m,H). Similarly, S2 = SL(n,H). Then
we see L(m) ⊂ S(1) ⊂ S1 ⊂ N(m) or L∗(m) ⊂ S(1) ⊂ S1 ⊂ N∗(m) and
L(n) ⊂ S(2) ⊂ S2 ⊂ N(n) or L∗(n) ⊂ S(2) ⊂ S2 ⊂ N∗(n).
Consequently we see 3. And we can prove 1,2 similary. q.e.d.
4 Smooth SL(m,H)×SL(n,H)-actions on S4(m+n)−1
Denote by e1, · · · , em, em+1, · · · , em+n the orthonormal standard basis of
H
m ⊕ Hn. If m ≥ 4, n ≥ 4, then the isotropy subgroup at e1u ⊕ em+1v ∈
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S4(m+n)−1 of the standard K-action is isomorphic to H;
H = { (
(
1 0
0 A
)
,
(
1 0
0 B
)
) ∈ K;A ∈ Sp(m− 1), B ∈ Sp(n− 1)}.
Put
F = { e1u⊕ emv;u ∈ H, v ∈ H, |u|2 + |v|2 = 1} (∼= S7).
Then the set F is the ﬁxed point set of the standard H-action on S4(m+n)−1.
Let Φ : G×S4(m+n)−1 −→ S4(m+n)−1 be a smooth action whose restricted
K-action is standard. Denote by F (S) the ﬁxed point set of restricted S-
action of Φ on S4(m+n)−1 (S is a subgroup of G). Then we see F = F (H).
Lemma 4.1 Put L1 = L(m) × L(n), L2 = L∗(m) × L(n), L3 = L(m) ×
L∗(n)andL4 = L∗(m)× L∗(n). Then,
F = F (L1) , F (L2) , F (L3) or F (L4).
Proof First we prove F = F (L1) ∪ F (L2) ∪ F (L3) ∪ F (L4).
(⊃) is trivial.
If x ∈ F , then Gx ⊃ Kx = Sp(m) × Sp(n − 1) or Sp(m − 1) × Sp(n) or
Sp(m− 1)× Sp(n− 1). By Lemma 2.1 Gx ⊃ L1, L2, L3, orL4.
Next we put
F0 = { e1u+ em+1v ∈ F ;uv = 0} , F0(S) = F0 ∩ F (S).
Then we see F0(L1), F0(L2), F0(L3), and F0(L4) are mutually disjoint closed
subsets of F0, and F0 is connected. Consequently F0 = F0(Li) for some
i = 1, 2, 3, 4.
F = F0 ∪ {e1u, em+1v;u, v ∈ Sp(1)}
= F0(Li) ∪ {e1u, em+1v;u, v ∈ Sp(1)} = F (Li)
for some i = 1, 2, 3, 4. q.e.d.
By Lemma 4.1 and the automorphism σ(A) =tA−1, we can assume F =
F (L1) for the smooth action Φ without loss of generality.
Let CA(B) be the centralizer of B in A. We deﬁne M to be the identity
component of CG(H). Then we see F is M -invarant.
An element (X,Y ) ∈M can be denoted by (X,Y ) = (D1(θ1), D2(θ2)) for
some (θ1, θ2) ∈ H2. Here we denote
D1(θ1) =


exp θ1 0 · · · 0
0
... xIm−1
0

 , D2(θ2) =


exp θ2 0 · · · 0
0
... yIn−1
0


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for x, y ∈ R;x1−m = | exp(θ1)|, y1−n = | exp(θ2)|.
Consider Φ|M×F : M × F −→ F . Let a1, a2 ∈ R and h1, h2 be pure
quaternions.
Φ|M×F ((D1(a1 + h1), D2(a2 + h2)), e1u⊕ em+1v)
= (D1(h1), D2(h2)) · Φ|M×F ((D1(a1), D2(a2)), e1u⊕ em+1v))
By identiﬁng e1u ⊕ em+1v ∈ S4(m+n)−1 with (u, v) ∈ F , we can deﬁne
R
2-action ΦM on F ;
ΦM((a1, a2), (u, v)) = Φ|M×F ((D1(a1), D2(a2)), e1u, em+1v)
Then for some C∞ function a : R2 × F −→ H and b : R2 × F −→ H, we
can describe
ΦM((a1, a2), (u, v)) = (a(a1, a2, u, v), b(a1, a2, u, v)) = (a, b)
where |a|2 + |b|2 = 1.
Put u = r1 exp h
′
1, v = r2 exph
′
2 (where h
′
1, h
′
2 are pure quaternions,
r1, r2 ∈ R),then
Φ|M×F ((D1(a1), D2(a2)), (u, v))
= Φ|M×F{(D1(a1), D2(a2)),Φ|M×F ((D1(h′1), D2(h′2)), (r1, r2))}
= (exph′1, exp h
′
2) · ΦM((a1, a2), (r1, r2))
= (exph′1, exp h
′
2) · (a(a1, a2, r1, r2), b(a1, a2, r1, r2)).
And we put
j1 =


−1
1
. . .
1

 ∈ Sp(m), j2 =


−1
1
. . .
1

 ∈ Sp(n).
By j1, j2, we see
a(a1, a2,−u, v) = −a(a1, a2, u, v), a(a1, a2, u,−v) = a(a1, a2, u, v)
b(a1, a2, u,−v) = −b(a1, a2, u, v), b(a1, a2,−u, v) = b(a1, a2, u, v).
If we consider that a, b are functions of (a1, a2, r1, r2), then a is an odd
function for r1 and an even function for r2, and b is an even function for r1
and an odd function for r2. So
a(a1, a2, r1, r2) = r1α(a1, a2, r1, r2), b(a1, a2, r1, r2) = r2β(a1, a2, r1, r2)
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where α, β : R2 × S1 −→ H are even C∞-function for r1 and r2.
Consequentry
a(a1, a2, u, v) = uα(a1, a2, r1, r2),
b(a1, a2, u, v) = vβ(a1, a2, r1, r2).
Theorem 4.1 Let Φ,Φ′ : G × S4(m+n)−1 −→ S4(m+n)−1 be smooth actions
whose restricted Sp(m)×Sp(n)-action is standard and F = F (L(m)×L(n)).
If ΦM = Φ
′
M , then Φ = Φ
′.
Proof There is a decomposition SL(m,H) = Sp(m) · D1(R) · L(m), where
D1(R) = {D1(θ); θ ∈ R}. Let (g1, g2) be an element of G. Then, there are
(k1, k2) ∈ K, (a1, a2) ∈ R2 and (l1, l2) ∈ L(m)×L(n) satisfying the equations;
gs = ks ·Ds(as) · ls (s = 1, 2).
Then we obtain
Φ((g1, g2), e1u⊕ em+1v) = k1e1uα⊕ k2em+1vβ.
By the above decomposition of gs, we obtain (for u, v = 0)
a1 = log
‖g1e1u‖
‖e1u‖ , a2 = log
‖g2em+1v‖
‖em+1v‖ .
Thus we obtain
Φ((g1, g2), e1u⊕em+1v) = g1e1u· ‖e1u‖‖g1e1u‖α⊕g2em+1v·
‖em+1v‖
‖g2em+1v‖β
for u, v = 0. Here
α = α(log
‖g1e1u‖
‖e1u‖ , log
‖g2em+1v‖
‖em+1v‖ , ‖e1u‖, ‖em+1v‖),
β = β(log
‖g1e1u‖
‖e1u‖ , log
‖g2em+1v‖
‖em+1v‖ , ‖e1u‖, ‖em+1v‖).
Moreover, when u = 0 or v = 0, we obtain
Φ((g1, g2), 0⊕ em+1v) = 0⊕ g2em+1v‖g2em+1v‖β,
Φ((g1, g2), e1u⊕ 0) = g1e1u‖g1e1u‖α⊕ 0
where
α = α(log ‖g1e1u‖, log ‖g2em+1‖, 1, 0), β = β(log ‖g1e1‖, log ‖g2em+1v‖, 0, 1).
Let u⊕v be an element of S4(m+n)−1. Then, u = k′1e1u,v = k′2em+1v for
some (k′1, k
′
2) ∈ K,u = ‖u‖, v = ‖v‖.
So we obtain when u, v = 0
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Φ((g1, g2),u⊕ v) = g1u ‖u‖‖g1u‖α⊕ g2v
‖v‖
‖g2v‖β
where
α = α(log
‖g1u‖
‖u‖ , log
‖g2v‖
‖v‖ , ‖u‖, ‖v‖),
β = β(log
‖g1u‖
‖u‖ , log
‖g2v‖
‖v‖ , ‖u‖, ‖v‖).
And
Φ((g1, g2),u⊕ 0) = g1u‖g1u‖α⊕ 0,
Φ((g1, g2), 0⊕ v) = 0⊕ g2v‖g2v‖β
where
α = α(log ‖g1u‖, log ‖g2em+1‖, 1, 0), β = β(log ‖g1e1‖, log ‖g2v‖, 0, 1).
If ΦM = Φ
′
M , then
ΦM((a1, a2), (u, v)) = (uα, vβ) = Φ
′
M((a1, a2), (u, v)) = (uα
′, vβ′).
We see α = α′, β = β′. Consequentry Φ = Φ′. q.e.d.
5 Induced smooth R2-action on F
In this section we study the converse of section 4. That is we shall con-
stract a G-action on S4(m+n)−1 from the R2-action ΦM of F .
Denote ΦM : R
2 × F −→ F by
ΦM((a1, a2), (u, v)) = (uα(a1, a2, r1, r2), vβ(a1, a2, r1, r2))
for some C∞-functions α, β : R2 × S1 −→ H which are even functions with
respect to variables r1 and r2, where r1 = ±|u|, r2 = ±|v|, and r21 + r22 = 1.
If ΦM is an R
2-action on F, then α, β are satisﬁed the following equations;
α(0, X) = 1 = β(0, X),
α(Θ′ +Θ, X) = α(Θ, X) · α(Θ′, (uα(Θ, X), vβ(Θ, X))),
β(Θ′ +Θ, X) = β(Θ, X) · β(Θ′, (uα(Θ, X), vβ(Θ, X))),
α, β = 0
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where Θ,Θ′ ∈ R2, X ∈ S1.
Now we deﬁne a mapping Φ : G× S4(m+n)−1 −→ S4(m+n)−1 by
Φ((A,B),u⊕ v) = Au ‖u‖‖Au‖α⊕Bv
‖v‖
‖Bv‖β
where
α = α(log
‖Au‖
‖u‖ , log
‖Bv‖
‖v‖ , ‖u‖, ‖v‖),
β = β(log
‖Au‖
‖u‖ , log
‖Bv‖
‖v‖ , ‖u‖, ‖v‖)
for u⊕ v ∈ S4(m+n)−1 such that ‖u‖, ‖v‖ = 0 and
Φ((A,B),u⊕ 0) = Au‖Au‖ · α⊕ 0,
Φ((A,B), 0⊕ v) = 0⊕ Bv‖Bv‖ · β
where
α = α(log ‖Au‖, log ‖Bem+1‖, 1, 0), β = β(log ‖Ae1‖, log ‖Bv‖, 0, 1).
We see following by the routine work.
Proposition 5.1 Defined Φ is an abstract G-action on S4(m+n)−1.
This action may not be a smooth action (cf.[5],Prop4.2).
Proposition 5.2 If α = β = 1, then Φ is not smooth.
6 Certain smooth action of SL(m,H) on Hm
In this section, we prepare for the section 7.
We obtain a smooth action ϕm of SL(m,H) on H
m by
ϕm(A,u) = Au
2
1− ‖u‖2 +√4‖Au‖2 + (1− ‖u‖2)2 .
We construct a one parameter group φm on H × S3 from the value of
ϕm(D1(a+ h0), e1h). That is
φm(a, (h, exp h0)) = (
2 exp a · h
1− |h|2 +√4 exp 2a · |h|2 + (1− |h|2)2 , exp h0)
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where a ∈ R, h ∈ H and h0 is a pure quaternion.
We see that the R-action φm on H×S3 corresponds to the following vector
ﬁeld on H× S3;
4∑
p=1
1− |h|2
1 + |h|2hp
∂
∂hp
+O
where h = h1+ h2i+ h3j+ h4k, hp ∈ R. {( ∂∂hp )h}4p=1 is the basis of Th(H), O
is the zero vector ﬁeld on S3.
7 Construction of smooth G-actions on S4(m+n)−1
First we shall construct smooth one parameter group on F .
Deﬁne diﬀeomorphisms k, l of H× S3 onto open sets of F by
k(h, 4) = (
h√
γ2 + |h|2 ,
γ4√
γ2 + |h|2 ),
l(h, 4) = (
γ4√
γ2 + |h|2 ,
h√
γ2 + |h|2 )
for h ∈ H, 4 ∈ S3, where γ is a positive real number.
Let ρ(t) be a smooth real valued function such that
ρ(t) = 1for|t| ≤ 1,
ρ(t) = 0for|t| ≥ 2,
0 < ρ(t) < 1for1 < |t| < 2.
Put u = u1 + u2i+ u3j+ u4k, v = v1 + v2i+ v3j+ v4k, where up, vp ∈ R
and h0, h
′
0 are the pure quaternions. Deﬁne the tangent vector ﬁeld ξ on
F = {(u, v) ∈ H2; |u|2 + |v|2 = 1} by
ξ = k∗(
4∑
p=1
ρ(|h|2)1− |h|
2
1 + |h|2hp
∂
∂hp
) + l∗(
4∑
p=1
ρ(|h|2)1− |h|
2
1 + |h|2hp
∂
∂hp
)
+ρ(
162
7
(|u|2− 53
162
))·(
4∑
p=1
up)·(
4∑
p=1
vp)·(
4∑
p=1
vp
∂
∂xp
−
8∑
p=5
up−4
∂
∂xp
)
+ρ(
162
7
(|u|2−109
162
))·(
4∑
p=1
up)·(
4∑
p=1
vp)·(
4∑
p=1
vp
∂
∂xp
−
8∑
p=5
up−4
∂
∂xp
)
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where {( ∂
∂xp
)(h,h′)}8p=1 is the basis of T(h,h′)(H2).
Let φ be the one-parameter group on F corresponding to the vector ﬁeld
ξ. Let γ = 4. Now we deﬁne a smooth R2-action ϕ on F by
ϕ((a1, a2), (u, v)) =


φ(a1, (u, v)) for|u|2 < 19
φ(a · a1 + b · a2, (u, v)) for 19 ≤ |u|2 ≤ 12
φ(c · a1 + d · a2, (u, v)) for 12 ≤ |u|2 ≤ 89
φ(a2, (u, v)) for|u|2 > 89 .
Here a, b, c, d are given any real numbers. The smoothness of φ is assured
by ξ = 0 for 1
9
< |u|2 < 13
54
, 67
162
< |u|2 < 95
162
, 41
54
< |u|2 < 8
9
.
Then the vector ﬁeld ξ is inveriant under the involution J1 : (u, v) −→
(−u, v), J2 : (u, v) −→ (u,−v). Consequentry φ(θ, Js(u, v)) = Js(φ(θ, (u, v)).
So we can put ϕ((a1, a2), (u, v)) = (uα(a1, a2, r1, r2), vβ(a1, a2, r1, r2)) = (uα, vβ).
Then the action Φ : G× S4(m+n)−1 −→ S4(m+n)−1 is deﬁned by
Φ((A,B),u⊕ v) =


Au
‖Au‖‖u‖α⊕
Bv
‖Bv‖‖v‖β (u,v = 0)
0⊕ Bv‖Bv‖ (u = 0, ||v|| = 1)
Au
‖Au‖ ⊕ 0 (v = 0, ||u|| = 1).
Remark: When |u| = 0 or |v| = 0, the vector ﬁeld ξ = 0. So if |u| = 0 then
β = 1 and if |v| = 0 then α = 1.
Now we show that Φ is smooth on neighborhoods of u = 0 and v = 0.
Deﬁne k˜ : Hm × S4n−1 −→ S4(m+n)−1 − {u ⊕ 0;u ∈ S4m−1} which is a
diﬀeomorphism by
k˜(u,v) = (u⊕ 4v) 1√
16 + |u|2 .
Then we see
Φ((A,B),u⊕ v) = k˜(ϕm(A,u 4√
1− ‖u‖2 ), Bv
1
‖Bv‖)
for ‖u‖2 < 1
17
. This shows that Φ is smooth on a neighborhood of u = 0.
Similary, we may show the smoothness of Φ on a neighborhood of v = 0.
Therefore, we see that the G-action Φ on S4(m+n)−1 is smooth.
Theorem 7.1 There exists a smooth SL(m,H)×SL(n,H)-action on S4(m+n)−1
such that it has six open orbits and the isotropy types of them are the fol-
lowing: L(m) × (D2(R) · L(n)) (two orbits), N(b : −a), N(d : −c), and
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(D1(R) · L(m)) × L(n) (two orbits) for all real numbers a, b, c and d, such
that (a, b) = (0, 0), (c, d) = (0, 0).
Where N(x : y) denotes the subgroup of N(m) × N(n) consisting of the
pairs of matrices in the form:




exp tx ∗ · · · ∗
0
... ∗
0

 ,


exp ty ∗ · · · ∗
0
... ∗
0



 (t ∈ R),
and D1(R) = {D1(θ); θ ∈ R}, D2(R) = {D2(θ); θ ∈ R}.
Remark: By an exchange of the third term and forth term of the vector
ﬁeld ξ, we can obtain another smooth G-action on S4(m+n)−1.
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